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ABSTRACT. We define the notion of admissible pair for an algebra A, consisting on a 
couple (r, R), where T is a quiver and R a unital, splitted and factorizable representation 
of r, and prove that the set of admissible pairs for A is in one to one correspondence 
with the points of the variety of twisting maps := T(K n , A). We describe all these 
representations in the case A = K m . 



Twisted tensor products of algebras, also known as factorization structures, constitute a 
particular instance of the notion of distributive law (cf. [4]) appeared in ifTTl and ETTl and 
were since studied in different contexts for various purposes, including their applications 
to braided geometry lfT7l[T8l[T9ll . their realization as noncommutative analogues of princi- 
pal bundles (cf. 013), their relation with the (quantum) Yang-Baxter and other nonlinear 
equations (cf. l22l ). and as a suitable replacement for cartesian products in noncommuta- 
tive geometry (cf. lfT0l[T3l[T5l). 

From a purely algebraic point of view, the notion of twisted tensor product comes di- 
rectly from the factorization problem : 

Given some kind of (algebraic) object, is it possible to find two suitable 
subobjects, having minimal intersection and such that they generate our 
original object? 

The factorization problem has been intensively studied in the case of groups, coalge- 
bras, Hopf algebras and algebras (cf. for instance fl][8][9l|20]). In the particular case of 
algebras, a well known result (independently proven many times) establishes a one-to-one 
correspondence between the set of factorization structures admitting two given algebras A 
and B as factors and the set of so-called twisting maps, see Section Q] which allow us to 
construct the twisted tensor product A ® r B associated to r. 

Henceforth, the problem of constructing factorization structures with given factors boils 
down to the problem of finding all the existing twisting maps for those factors. Under 
suitable, very mild, conditions (for instance, whenever A and B are affine algebras), the 
set T(A, B) of all the twisting maps t : B <g> A — > A <g> B is an algebraic variety, and two 
interesting problems arise: 

Problem 0. 1 . Is it possible to describe explicitly the variety T (A, B)l 

Problem 0.2. Once the variety T(A, B) is known, is it possible to determine which 
points of the variety give rise to isomorphic algebras? 

These two problems, even in the simplest cases, turn out to be very hard. Though there 
are many different methods that produce twisted tensor products of two given algebras, not 
a single one produces all the existing ones is known, let alone describing the properties of 
the algebraic variety. Even harder is the problem of the determination of the isomorphism 
classes of algebras obtained from the same factors through different tensor products, or 
finding any description of these isomorphism classes in terms of the variety T{A, B). 
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Recently, Cibils showed in ifTTl that the set T(K 2 , A) of twisted tensor products be- 
tween any algebra A and the commutative, semisimple algebra K 2 (also called the set of 
2-interlaces) is in one-to-one correspondence with couples of linear endomorphisms of the 
algebra A satisfying certain conditions. If we take A = K n , these couples of linear maps 
can be described by combinatorial means using certain families of colored quivers, and 
this description gives a simple way to describe all the twisted tensor products K n ® r K 2 , 
up to isomorphism (cf. ATI [16 1). Some other partial steps in the classification problem for 
factorization structures have been undertaken in Q and the final sections of fl2l . 

In the present paper, we extend the combinatorial techniques developed by Cibils, de- 
veloping the notion of an admissible pair for an algebra A, consisting on a couple (T, R) 
where T is a quiver, and R a representation of T (cf. for instance (2JG1) satisfying certain 
restrictions (namely, to be unital, splitted and factorizable), and prove (cf. Theorem ll.8b 
that the variety of twisting maps T£ := T(K n , A) is in one to one correspondence with 
the set of admissible pairs for A. Twisted tensor product of the form A ® T K n can be 

(n) 

reinterpreted as deformations of the usual tensor product A ® K n = A x A x ■ • • x A, 
which is nothing but the direct product of n copies of the algebra A. If A is the algebra of 
functions defined over the configuration space Q of some mechanical system, then A ® K n 
is the algebra of functions defined over the configuration space Q n of the system consist- 
ing on n disjoint copies of Q. The noncommutative deformations of this algebra obtained 
as twisted tensor products A ® T K n are proposed to serve as toy-model for quantizations 
of this situation when we assume that the disjoint copies of the physical states are close 
enough so that they interact with each other. 

The paper is structured as follows. In Section[T| we study the basic properties of admis- 
sible pairs, and introduce the numerical invariants of rank and reduced rank as a measure 
of the complexity of an admissible pair. We use this notion to characterize the connected 
components of a quiver in an admissible pair of reduced rank one, proving that splitted, 
unital and factorizable representations of a quiver T of reduced rank one are uniquely 
determined by a set (Mi) ie r° of two-sided ideals of A, and a set (i?i)igr° of (unital) 
subalgebras of A such that 



(1) For each vertex i € T°, A = Bi © M it 

(2) For each arrow a which is not a loop, M s ( a \Mt( a ) = 0- 



A particular example of this setting can be obtained by means of Hochschild extensions 
of an algebra B with given kernel M. Finally, we classify all the splitted, unital, and 
factorizable representations associated to quivers of reduced rank one, without cycles of 
length 2, when we take the algebra A to be equal to K m . 

In Section [3] we introduce the notion of absolutely reducible (finite dimensional) rep- 
resentations of an algebra A, and obtain a canonical form for defining the action of A on 
an absolutely reducible representation of dimension n by means of a normalized invert- 
ible matrix. We pay especial attention to the particular case of two-dimensional absolutely 
reducible representations, characterizing them all in Theorem l3.16l 

Using the aforementioned results, in Section |4] we describe all the splitted, unital and 
factorizable representations of a quiver consisting in a cycle of length two, given a more 
detailed description for the case of two-dimensional absolutely reducible representations. 
These results are all merged together in Theorem 14.21 in which we classify all the repre- 
sentations of a connected quiver of reduced rank one containing a cycle of length 2, thus 
concluding the classification of all admissible representations of a quiver of reduced rank 
one. 
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1. Twisting maps between K n and A 

Let A be an algebra over a field K. The canonical basis of K n will be denoted by 
{ei, . . . , e„}. Observe that Y17=i e i is 1jt«»> the un it of if™. Thus a if-linear map 

r : K n ® A — >A®K n 

is uniquely determined by E T = (Eij)ij—± n , a set of if-linear endomorphisms of A, 
satisfying 

n 

(1) r(ej (g) a) = yj£y-(a) ® ej, Vae A, Vi = l,...,ra. 

j'=i 

Our first aim is to identify the properties that 2£ r has to verify in order to get a twisting 
map between the algebras K n and A. Recall that r : K n ® A — > A is a twisting 
map if, and only if, the following four conditions hold (cf. fll fTOl ): 



(2) T{m Kn ®A) = {A®m K n){ T ®K n ){K n (g>r). 

(3) t(K u ® ttia) — (jtia ® K n )(A §5 t)(t" ® A). 

(4) ®o) =oig)lii-n, Vae A 

(5) r(i <8> 1a) = Ia ® a;, Vi e ]C n . 



In the identities above, rriK« and denote the multiplication on K n and A respectively, 
whilst Ik" and 1a denote the units of these algebras. 

If we evaluate both sides of relation © at ei ® ej ® a, in view of relation ([TJ, we get 

r(e. i e :) - ® a) = ^(^4 ® m K n){r ® K n )(e l <g> £j p (a) <g> e p ) 
P =i 

n n 

= / ,y^ -E'» g (-E : jp(a)) ®e p e g . 

p=l gi=l 

Therefore 

n n 

Si t jE ip (a) ® e p = 2j(-Bi P ° E jp )(a) ® e p . 
p— i p— i 

In conclusion, relation (O implies 

(6) E ip aEj p = S iij E ip , Vi,j,p=l,...,n. 

Obviously, the converse holds too. Therefore equations (|2]i and (O are equivalent. 

The other identities in the definition of twisting maps can be written in a similar way. 
By evaluating © at e$ <8> a <g> 6 we get that this relation is equivalent to 

n 

(7) Eij(ab) = }^E ip (a)E p j(b), Vi,j = 1, . . . ,ra, Va, & € A. 

p=i 

Since the unit of if" is e i' we obtain 

n 

(8) ^Eij =Id A , Vj = l,...,n. 

i=l 

Finally, by taking x := ej in Q, we deduce that this relation is equivalent to 

(9) E i:] (l A ) = SijlA, = l,...,n. 

In conclusion, if denotes the set of all twisting maps between K n and A, and Z\ 
denotes the set of systems of endomorphisms (Eij)ij—x t ... tn satisfying relations ©-Q, 
we proved the following theorem. 
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PROPOSITION 1.1. There is a one-to-one correspondence 4>a '■ T~a — > tnat ma P s a 
twisting map t : K n ® A — > A ® K n to the set of endomorphisms E T — (-Ey)ij=i,...,n 
which is uniquely defined such that relation {T]) holds true. 

From now on, instead of working with twisting maps we shall work with systems of 
endomorphisms in To such a system E = (Ei 3 :)ij=i n we are going to associate 
two invariants: a quiver Ye and a representation Re of Ye- 

Definitions 1.2. Let T be a quiver (cf. (HO). Let Y° and T 1 be, respectively, the set 
of vertices and the set of arrows of Y. The source and the target maps will be respectively 
denoted by s : T 1 -> Y° and t : Y 1 -> Y a . 

(1) A path in Y is a sequence p — (ai, a.2, ■ ■ ■ , a n ) of arrows such that i(a,) = s(c»!j+i), 
for any i = 1, . . . ,n — 1. 

Ql Q2 OC n — 1 Oc n 
P ■ O >■ O 9- • • • S- O 5- O 

The set of paths of length n in Y is denoted by Y n . 

(2) Forapathp = {ct\,a.2, ■ ■ ■ ,ot n ) we define the source of p by s(p) := s(ai). Similarly, 
the target of p is given by t(p) := t(a n ). The set of paths p of length n with s(p) = i 
and t(p) — j is denoted by Y n (i,j). Note that r°(z, i) can be identified with the vertex 
i, while r 1 (i, j) is equal to the set of arrows a such that s(a) = i and t(a) — j. In 
particular, i) consists of all loops having the vertex i as a source. The source of 
a loop will be called a /oo/? verfex. 

(3) An oriented cycle is a path p with s(p) = t(p). 

Definition 1.3. Let E := (J5y)j,j=i,..., n be in The quiver r £ is defined as follows: 
the set of vertices of Ye is {i>i, . . . , f n }- The vertices u,; and Uj are joined by an arrow 
with the source in v\ if, and only if, Eij ^ 0. The vertex Vi shall be represented simply by 
i as well. 

For future references we state the following proposition. 

PROPOSITION 1.4. The quiver Ye associated to E £ Z\ has no multiple arrows and, for 
every vertex Vi € Y E , there is a loop having the source ( and therefore the target) in Vi. 

Proof. By construction, Ye has no multiple arrows. Let Uj 6 Y E . Since Eu(1a) = I a, 
it follows that there is an arrow a such that s(a) = t(a) = Uj. This arrow obviously is 
unique, as Ye has no multiple arrows. □ 

Now we are going to construct the second invariant of E, namely a certain linear 
representation of Ye- Recall from J2] that a representation of a quiver Y is given 
by a family of vector spaces (Vi)i £ r° an d a family of if-linear maps ((f^aer 1 ^ where 

Pa ■ V s ( a ) > Vf( a ). 

Definition 1.5. Let Ye be the quiver associated to E = (-Eij)i,j=i, —,n> a system of 
endomorphisms in E\. The representation Re of T^; is defined by the family of vector 
spaces (Vi) ier c> E and the family of A'-linear maps (<^ Q ) Qe rJ s ' where 

Vi := A and ^ Q := E siaht(a) , 

for every z G Y° E and a G T^,. 

Let E be an element in E\. In the next proposition relations ©-(|9]l are rewritten using 
the maps {<-Pa) a er 1 E that define Re- 

PROPOSITION 1.6. The maps (i/'a)aer 1 satisfy the following properties. 

(I) For any i G Y E , the set {(p a | t(a) = i] is a complete set of non-zero orthogonal 
idempotents on End/f (A). Hence, for any a' ' , a" G Y E such that t{a!) — t(a") = i, 

(Si) tp a i o tp a „ = 5 s ( q ,/) ;S ( q ,/')¥? q: ' and ^ = ld A . 

{a\t(a)=i} 
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(2) For any arrow a G T E , 

(U) <PaO-A) = S s (a),t(a)lA- 

(3) For any i,j G T° E and any a, b G A, we have 



<p a (ab), if T E (i,j) = {a} 

o, if ry»,i) = 0. 



Proof. The relations in follow by ©, ([8]l and the fact that 1?^ = 0, whenever there 
is no a G T E such that s(a) = k and = /i. In a similar way (U) follows from ([9). 
Finally, it is not difficult to see that O is equivalent to the fact that (-Fjj) holds for every 
pair (i, j) of vertices. □ 

Definition 1.7. Let A be an algebra. We say that (r, R) is an admissible pair of order 
n for A (shortly an admissible pair) if 

(1) r is a quiver with n vertices such that every vertex is a loop vertex and there are no 
multiple arrows. 

(2) R is a representation of T such that the vector spaces associated to its vertices are all 
equal to A. The family (<p a )aer 1 that define R satisfies the following conditions: 

(a) The representation R is splitted, i.e. relation ( f^j ) holds true for every i G T°. 

(b) The representation R is unital, that is, relation ([U) holds true. 

(c) The representation R is factorizable, i.e. relation \Fj j i holds true for every pair 
(i, j) of vertices in T. 

The set of all admissible pairs (T, i?) of order n for A will be denoted by TU\. 

Summarizing, for every E G E\, we got an admissible pair (Te, Re) for A and E i— > 
(Fe, defines a map from to 7£^. By the proof of Proposition 11.61 one can see 
easily that this map is bijective. In fact, it is sufficient to notice that the inverse maps an 
admissible pair (r, R) to the set E — (-S'ij)i.j— where -Es(a).i(a) — ^Pa> for any 
arrow a G T 1 , and all other morphisms Eij are zero. In conclusion we have proved the 
following. 

THEOREM 1.8. For an arbitrary K -algebra A the sets 77, E\ and 1Z a A are in one-to-one 
correspondence. 



2. Some basic properties of admissible pairs 

Let A be a A"-algebra. Throughout this section, (F, R) will denote an element in 
TZ\. For the family of maps that defines the representation R we shall use the notation 
(t/? Q ) cte r 1 - The maps associated to the loops of T will play an important role, so we shall 
use a special notation for them. Namely, tpi will denote the morphism corresponding to the 
unique loop a such that s(a) = i. 

Our purpose now is to investigate some basic properties of T and R. First, let us notice 
that the existence of the representation R imposes some restrictions on T, 

PROPOSITION 2. 1 . Let a be an arrow ofT. Then ip a — IcLa if and only if a is a loop and 
there is no other arrow with target t(a). 

Proof. Since ip a is the unique non-zero morphism corresponding to an arrow whose target 
is t(a), we deduce the required equality by using the second relation in (571 . Conversely, 
let us assume that ip a = Id a- First we prove that a is the unique arrow having the target 
in t(a). Let us assume that a' is another arrow such that t(a') = t(a). Since V has no 
multiple arrows, s(a) ^ s(a'). We get 



fa' = fa' o fa = ^s{a'),s{a)fo l = 0. 
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Since tp a i ^ 0, by the definition of admissible pair, it follows that a is the unique arrow 
having the target in t(a). Again, by the definition of admissible pair, every vertex is a loop 
vertex. In the view of the foregoing, a has to be a loop. □ 

By the above Proposition, for every vertex of T, there are two possibilities, as it is 
indicated in the two pictures below. 



O O 




In the first one it is represented the case when the morphism corresponding to the loop is 
the identity of A. In the second picture, the morphism ip, associated to the loop, is not the 
identity of A. In what follows in the pictures we only draw the loops a with tp = Id^ . 

In order to measure the complexity of T we introduce a numerical invariant, the rank of 
a vertex. Let i G T°. We set 

(10) rank(z) := £ #T\j, i) = #{a G T 1 | t(a) = i}. 

3 

We also define the reduced rank of i as 

(11) rrank(i) :=^2#T 1 (J,i) = #{a G T 1 | t(a) = i ands(a) ^ i}. 

Note that, in the quiver of an admisible pair, rrank(z) = if, and only if, there is only 
one arrow a with t(a) = i. Of course, in this case we also have s(a) = i and tp a = Id^. 
If rrank(i) = r, then there are exactly r arrows having their target in i and which are not 
loops. 

Definition 2.2. The rank of r is defined by 

(12) rank(r) := max{rank(i) | i e T }. 
In the same way, we may define the reduced rank of T. 

PROPOSITION 2.3. Let Abe a K-algebra of dimension m. If E e £\, then rrank(r £ ) < 
min(n — l,m — 1). 

Proof. Obviously, rrank(Ff;) < n — 1, as there are at most n — 1 arrows a such that 
t(a) = i and s(i) ^ i, for any vertex i in Te- On the other hand, for i G T E , let X = 
{a G r^, | t(a) — i}, then {ip a \ a G X} is a complete set of orthogonal idempotents. 
Therefore A decomposes as a direct sum of non zero vector subspaces A = © aeX W a , 
where W a = lmip a . Hence 

#X < dimVK Q = dimA. 

aex 

It results rrank(i) < dimA — 1. Thus the proposition is proved. □ 

The simplest non-trivial quivers (i.e. containing arrows that are not loops) are those of 
reduced rank 1. Their connected components are described in the following proposition. 
Note that when we speak about the connected components of T, we mean the connected 
components of the undirected graph obtained by removing the orientation of all arrows in 
T. On the other hand, each connected component can be seen as a quiver with respect to 
the orientation of its edges that is inherited from T. 



PROPOSITION 2.4. Let V be an arbitrary finite quiver of reduced rank one, then any con- 
nected component contains at most a unique cycle which is not a loop. 



ON THE CLASSIFICATION OF TWISTING MAPS BETWEEN K n AND K m 7 

Proof. Clearly we may assume that the connected component A is not reduced to a unique 
vertex. Let us show that in the same component cannot exist two different cycles. We pick 
up a vertex i in the first cycle and a vertex j : ^ i in the second one. Thus, as A is connected, 
there is a sequence of vertices i = i\ , . . . , ih+i — j and a sequence of arrows ai, ... ,a.h 
in A such that either s(oifc) = ik and t(ptk) — ik+i ° r s(®k) = «fc+i and t(ak) = ik> for 
any k — l,...,h. 



o >■ o ■ 

Ql 



lh 1>h+l< 
■■ o ■< o 

Cth 



Since rrank(i) = 1 it follows that s(ai) = i\ = i and t(a\) = 12- By induction, as 
rrank(ifc) = 1, we get s(afc) = ik and t(ak) = ik+i> f° r an y k = 1, . . . , n. It follows that 
t(cth) = ih+i = j, so rrank(i/j + i) > 2, which is impossible. 

□ 



PROPOSITION 2.5. With the same assumption as in Proposition \2.4\ every vertex in the 
possible oriented cycle is the root of a (naturally) oriented tree which can be degenerated 
(i.e., with only one vertex) and such that two different of these trees are disjoint. 

Proof. Let us denote by A' the quiver obtained removing all the arrows a\, . . . , a r in the 
cycle with vertices i\, . . . , i r such that s(a.k) = ik for any k = 1, . . . ,r. See the figure 
below. 



H ° 




o % 2 



o 
h 



o% 2 



We fix k € {1, . . . , r}. The connected component A' k C A' that contains i). has no cycles, 
otherwise there would be two different cycles in A. Hence, A' k is a tree (recall that a graph 
is a tree if, and only if, it is connected and does not contains cycles, or equivalently, any 
two vertices are connected by a unique path). Since the rank of A is 1, the arrows of 
A' k are oriented in the canonical way, that is, the one such that the arrows at the root are 
outgoing. □ 

LEMMA 2.6. Let (T, R) be an admissible pair. 

(1) If i £ r° is not a vertex in a cycle of length 2 then condition (Fij) is equivalent to the 
fact that ifi is an algebra map ( recall that ifi denotes the morphism corresponding to 
the loop having the source in i). 

(2) Let (ai, a 2 ) € T 2 be a path such that a 2 and ol\ are as in the following picture, 



k 

■ o 



Ifir&nk(j) = rrank(fc) = 1, then conditions (-Fi.fc) and (Fj t k) are equivalent. More- 
over, these conditions are also equivalent to 



(13) 



Ker((p s(Q2) )Ker(< y f t(Q2) ) = 0. 



x 
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Proof. By assumption i is not a vertex in a cycle of length 2. Then, either r 1 (i, k) = or 
Y 1 (k, i) = 0, for any k ^ i. Therefore, in this case, equation (i 7 ^) becomes 

ipi(a)tpi(b) = <Pi(db), Va, b e A. 

Let us prove the second claim. We first show that k is not a vertex in a cycle of length 
2. Indeed, if I were the second vertex of such a cycle and I ^ j then we would have 
rrank(/c) > 2. Thus I = j. On the other hand, this equality implies rrank(j) > 1, which 
is also impossible. Since k is not the vertex of a cycle of length 2, it follows that tp k is an 
algebra map. Since T 2 (i, k) = {(cm, o^)} and there is no arrow having the source in i and 
the target in k, relation (i 7 ^) is equivalent to 

if ai (a)tp a2 (b) = 0, Va, b G A. 

By hypothesis, the reduced rank of j and of k is one. Therefore, ip ai = IcU — ipj and 
(p a2 = Hi — . Then the above equality is equivalent to 

(14) [a-tp j {a)}[b- i p k (b)] = Q, Va, b e A. 

Obviously, Y 2 (j, k) = {(Ai, a.2), (0:2, A2)}, where Ai and A2 are the unique loops such 
that s(Ai) = j and s(A2) = k. As 92^ = y>j and (p\ 2 = iff., relation (Fj t k) can be written 
as follows 

(15) ipj(a)ip a2 (b) + ip a2 (a)ifk(b) = ip a2 {ab), Vx,y e A. 

Since ip a2 — Id^ — (p k one can prove easily that ( fT4~l > and (15[ are equivalent. In conclu- 
sion, (F^k) an< i(Fj,k) are equivalent too. To conclude it is enough to prove that both are 
equivalent to ( TT3b . Relation (fT4l > can be written as: 

Im (Idyi - ft(Q 2 ))Im (Hi - ft(a 2 )) = 0. 

On the other hand, Im (Id^ — <fi s ( a2 )) = Ker (Vs(a 2 ))' as Vs(q 2 ) i s an idempotent if -linear 
map. A similar equality holds for <pt(a 2 )> so tr, e lemma is proved. □ 

THEOREM 2.7. Let Abe a K -algebra and let T be a quiver such that its vertices are loop 
vertices and it has no multiple arrows. Assume that rrank(r) = 1 and that T does not 
contain any cycle of length 2. Then to give a splitted, unital and facto rizable representation 
ofT over A is equivalent to give a set of idempotent algebra endomorphisms (fi)i^r° such 
that, for any arrow a : i — » j which is not a loop, 

(16) Ker ipiKei ipj = 0. 

Proof. Let R be a splitted, unital and factorizable representation of Y. Let (fa)aer 1 de- 
note the family of If -linear endomorphisms that defines R. For i 6 Y° we take ipi to be the 
morphism corresponding to the loop a that has the source in i. Since Y does not contain 
cycles of length 2, by the previous lemma, it follows that tpi is an algebra map, for any 
i G r°. Let a G r 1 which is not a loop. If <f s [ a ) = Id^ we have nothing to prove. 

Let us consider the case when (p s / a ) ^ Id^. Thus there is an arrow (3, which is not a 
loop, such that t{(3) = s(a). Hence relation ( [ToT l follows by the second part of Lemma l2~6l 

Conversely, let (ifii)i & r° be a family of idempotent algebra morphisms satisfying rela- 
tion ( [ToT l. We want to construct a splitted, unital and factorizable representation R of Y. 
For every arrow a which is not a loop, we set (p a = Id^ — (fit( a ) - Obviously, {(f a , <fit(a)} 
is a complete set of orthogonal idempotents, so the representation R defined by (i^a)aer 1 
is splitted. Trivially R is unital, as tpi is a morphism of algebras, for any i G T . It remains 
to prove that R is factorizable. Since rrank(r) = 1 and Y has not cycles of length 2, the 
non-trivial relations that can occur are (i 7 ^) and (Fj^), where the vertices i, j and k are 
as in the picture below. 

i p 3 a k 

o a- o s- o 

By Lemma l2~6l (2) these relations are equivalent to ([ToT l, so the Theorem is proved. □ 
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COROLLARY 2.8. Let A be a finite dimensional K -algebra and let T be a quiver of reduced 
rank one without cycles of length 2. A splitted, unital and facto rizable representation of 
r is uniquely defined by a set (Mi) ig r° of two-sided ideals and a set (-Bi)igr of unital 
subalgebras of A that satisfy the following two conditions: 

(1 ) For each vertex i ET°, A = BiQ) M it - 

(2) For each arrow a which is not a loop, M a / a \Mtr a -\ = 0. 

Proof. For a vertex i, take in the previous theorem Bi :— Im<pi and Mj := Ker</?j. 
Conversely, for a family of ideals (Mj)j £ ro, satisfying the conditions in the corollary, 
we define ipi := Oi o 7Tj, where cr, is the inclusion Bi C A and 7Tj is the projection of 
A = Bi Mi onto Bj. □ 

Remark 2.9. Let A be a i4T-algebra. We assume that there is a two-sided ideal M < A 
such that M 2 = 0. Let T be a quiver of reduced rank one and let (<^i)i g r° be a family of 
idempotent algebra endomorphisms of A. If 

Ker tpi C M 

for any i E T°, then condition dT6b is automatically satisfied. Hence the family (v?i)i g r° 
induces a splitted, unital and factorizable representation of T. 

In order to give examples of families (<Pi)jgr D satisfying the assumptions in the above 
remark, we recall the construction of Hochschild extensions (also called in the literature 
abelian extension, cf. Ifl4l Sec. 1.5.3]) of an algebra B with kernel a given £?-bimodule 
M. By definition, such an extension is given by a normalized Hochschild 2-cocycle, that 
is, a if-linear map uj : B ® B —* M that verifies the following equalities: 

• Ld(a (8> 1b) = lu{\b C§> a) = 0, for all a E B. 

• a ■ uj(b ® c) — w(a6 ® c) + w(a ® 6c) — w(a (g) 6) • c = 0, for all a,b,c£ B. 

To these data one can associate a unital and associative algebra A as follows. As a 
vector space A := B © M. The multiplication on A is defined by 

(b, m) ■ (b', m!) = (bb' , bm' + mb' + uj(b ® &')) 

and the unit is (1, 0). Note that M is a two-sided ideal in A and M 2 — (of course M can 
be identified with a subset of A via the map m i— > (0, m)). 

Lemma 2.10. Lef f : M —> M be a K-linear map. 

(1) The K-linear map ip : A — » A, defined by tp(b,m) = (b, f(m)) for any b E B 
and m E M, is an algebra map if, and only if, f is a morphism of B-bimodules and 
f o to = UJ. 

(2) ip is idempotent if and only if, f is so. 

(3) The kernel of tp is contained into M. 

Proof, (pis a morphism of algebras if, and only, if 

(17) f(bm' + mb') + (/ o uj)(b <g> b') = bf(m') + f{m)b' + uo{b <g> b') 

for any b,b' E B and to, to' E M. 

Let us assume that ip is a morphism of algebras, hence the above equation holds. By 
taking b' = we get that / is a morphism of left £?-modules. Similarly, we deduce that / 
is a map of right B-modules. In particular, 

f(mb + bm) = f(m)b' + bf(m'), 

so / o u> — uj holds too. Conversely, if / is a morphism of _B-bimodules and / o uj = uj, 
then / obviously satisfies the equation (T% , so ip is a morphism of algebras. 

The second and the third part of the Lemma are obvious. □ 
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THEOREM 2.1 1 . Let A be the Hochschild extension associated to (B, M, to), where B is 
a K -algebra, M is a B-bimodule and lo is a 2-cocycle of B with coefficients in M. Let 
r be a quiver of reduced rank one without cycles of length two. If (/i)ier° a family 
of idempotent endomorphisms of M and Im to C P| ier0 Im/j then (<^)j e r/o induces a 
splitted, unital and facto rizable representation ofT, where ipi is constructed from /j as in 
the previous Lemma. 



Proof. It is a direct consequence of Theorem l2.7l and the previous Lemma. See also Re- 
mark!^ □ 



Throughout the remaining of this section we take A = K m . Our purpose is to classify 
all splitted, unital and factorizable representations (over A) of a quiver V of reduced rank 
one and without cycles of length two. 

Let 9 : K m — * K m be an algebra endomorphism of K m . If {/i, . . . , f m } is the 
canonical basis on K m , then 6(f p ) is an idempotent of K m . Therefore there is a set 
9 P C {1, . . . , to} such that 

9(fv) = E & 
q ee p 

Note that if 9 P = then 9(f p ) = 0. Thus the kernel of 6 is the vector subspace of K m 
generated by all elements f p such that 6 p = 0. Moreover, (0 p )p=i,. TO i s a partition of 
{1, . . . , to} in to (possibly empty) subsets. Indeed, if p ^ q then f p f q = 0, so 

= 0(f p f q ) = J2 E frf» = E fr- 

re&p see, ree P ne, 
Hence 9 P and Q q are disjoint. On the other hand, 

m m m 

Thus U™ = i ©p = {!,■■ .,m}. 

The partition (0 p ) p= i m defines a unique function u : {1, . . . , to} — » {1, . . . , to} 

given by = p for all g G p . Hence, for an arbitrary p 6 {1, . . . , to}, we have 

m 

(18) ^(/p)=EW)/«- 

-3=1 

LEMMA 2.12. The algebra endomorphism 8 is idempotent if and only if the function u is 
so. Moreover, the kernel of 6 is given by 

Ker 6 = (f p \ p ^ Im u) . 

Proof. Forp 6 {1, . . . , to}, we have 9 2 (f p ) = 9(f p ). By relation ( fT8l we get 

(19) <Sp,u2(,) = $ P ,u(r)r for all p, r G {1, . . . ,to}. 

Conversely, if $1% holds, then 9 is idempotent. We deduce that 9 is an idempotent if, and 
only if, u is so. 

The partition associated to 9 is given by <d p = u^ 1 (p). Thus Kcr6* is generated, as a 
vector space, by all f p such that u^ 1 (p) = 0. □ 

THEOREM 2.13. Let A = K m and let T be a quiver of reduced rank one without cycles 
of length two. A splitted, unital and factorizable representation ofT is uniquely defined by 
a set of idempotent functions Ui : {1, . . . , to} — > {1, . . . , to} with i £ T°, satisfying the 
following condition: if a € T 1 is not a loop and p G {1, . .., to}, then u s r a \(jp) = p or 

U t (a)(p) =P. 
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Proof. By Theorem 12. 71 a splitted, unital and factorizable representation of Y is given by 
a family (fi)^ of idempotent algebra endomorphisms of A = K m such that, for any 
arrow a G T 1 that is not a loop, we have 

Ker^ (Q) Ker^ t(Q ) = 0. 

By Lemma 12.121 for every i e T the algebra map ipi corresponds to an idempotent func- 
tion u.i : {1, . . . , to} — > {1, . . . , to}. Let a be an arrow that is not a loop. Since 

Keiifi = (f p | p £ Im u t ) 

we deduce that 

Ker^ t(Q) Ker^ s(ct) = (f p f q | p £ Imit s(a) ,g ^ Imu t(a) ) 
= (/p I P £ Im u s{a} U Im u t(ce) } . 

Therefore Ker <^ t ( a )Ker y s ( Q ) = if, and only if, Imu s ( tt ) U lmu t ( a ) — {1, . . . , m}. 
Thus, for any p G {1, . . . , to}, p G Im u s ( Q ) or p S Im u t ( a y Since it, is idempotent for 
every i G Y°, it follows that Im Ui = {p | itj(p) = p}, so the theorem is now proved. □ 

3. Absolutely reducible representations of an algebra 

We fix a finite-dimensional algebra A over a field K and a vector space W of dimension 
n. Our aim in this section is to find all A-module structures on W which are absolutely 
reducible in the following sense: 

Definition 3.1. An A-module W is called absolutely reducible (or diagonalizable) if 
there are n sub modules W\, ■ ■ . , W n of dimension one such that W = Wi. 

Let us fix a basis {w\ , . . . , w n } on W. Thus a module structure on W is given by some 
A'-linear maps Uij : A — > K, uniquely defined such that 

n 

(20) awi — Wji(a)Wj, Vi = 1, . . . ,n and Va G A. 

3=1 

The maps are subject to the following relations: 

n 

(21) 2jcJifc(a)cj fei (b) = u>jj(ab). 

k=l 

(22) Wy(lvi) = 

It is not difficult to see that, conversely, maps Uij satisfying (fJTJ and d22l define a module 
structure on W. 

Example 3.2. Let r : K n ® A — > A ® lf n be a twisting map, where A = if m . Let 
£7 T = {-Ey }i J= i j ...,n be the corresponding set of if-linear endomorphisms of A. We fix 
a basis {/i, . . . , / m } on K m and write 

m 

£?y (a) = E ij ( a )/p> Vi,j = 1, . . . , n and Va G A. 
p=i 

Hence, the set {-By}i,j,=i,...,n satisfies (l2T1 i and (l22l . for any p = 1, . . . , to. 

We now assume that W is absolutely reducible. Let W = W\ © • • • ffi Wn be the 
corresponding decomposition. For each i = 1, . . . , n, we may choose a non-zero element 
w[ G Wi. Since W,; is an one-dimensional submodule of W, there is an algebra map 
a,: : A — ► K such that 

awj = a^ajw'i, Va G A. 
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As {w[, . . . ,w' n } is another basis on W, there is an invertible matrix X € GL n (K) such 
that A = (a i: ,) iji= i ! ... ! „ and 

n 
3 = 1 

If {Wij}i,j=i,...,n are the maps that define the module structure on W, then we get 

/ 01(0) •■■ 

( w ij'( a ))i,j = l,...,n = -X" ' ; '•. ; 

\ ••• a„(a) 

For simplicity, we shall denote the matrix (u>ij)ij=i,... !n by u>. Note that the elements of 
u) are in Hom^(A, X). Hence the above equality can be written as 

\ 

(23) lj = X- : : -X' 1 . 

V ••• a»/ 
Thus we have just proved the following Lemma. 

LEMMA 3.3. Let Abe a K -algebra. For every module structure on W which is absolutely 
reducible, there are X £ GL n (K) and oc\, . . ., a n 6 Alg K (A, K) such that the matrix u) 
defining the action of A on W satisfies ( 1231 l. 

In view of this lemma, the set of characters of A plays an important role in the descrip- 
tion of absolutely reducible representations of an algebra A. By Dedekind's theorem on 
linear independence of characters, any set of distinct algebra morphisms from A to K is 
linearly independent. In particular A\g K (A : K) is a finite set. We shall denote it by 

(24) A\g K (A,K) = {0 u ...,e r }. 



Remark 3.4. Lemma [331 can be rephrased as follows: if W is an absolutely reducible 
module then there are X 6 GL n (K) and a set map u : {1, . . . , n} — ► {1, . . . , r} such 
that 



(25) u = X ■ 



( 0„(i) • • • 



\ ■ • • 9 u ( n ) 



x-\ 



where uj is the set of A" -linear maps associated to W. We shall say that W is defined by the 
matrix X and the map u. Of course, X and u are not uniquely determined by W. Given 
such a map u, our aim is to find a matrix Ao G GL n (A) such that, together with u, it 
defines W and has as many zero elements as possible. 

Throughout the remaining of this section we fix an rt-dimensional absolutely reducible 
representation W . Let u> denote the corresponding set of A-linear maps and let u : 
{1, . . . , n} — ► {1, . . . , r} be a function that defines W. Let 

Im(tt) = . . - ,i s }, 

where 1 < i% < 12 < ■ ■ ■ < i s < r. We denote the fiber of u over ik, by F^, 

Hence T — {F\ 1 . . . , F s } is a partition of {1, . . . , n}. 

Definition 3.5. Let T = {Fi, . . . , F s } be a partition of {1, ... , n}. For every matrix 
A € M n (K), we define the I -blocks of A by 

A 4 - 7 = (Xp^ q ) p £F uqe F j , 

where x p i9 are the elements of A and i, j are in {1, . . . , s}. 
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X 21 = ( 


' ^23 \ 


, X 22 =( 


' ^22 


^24 \ 


, X 32 




V ^43 j 




V ^42 


X M J 





Example 3.6. Let u : {1, 2, 3, 4} — ► {1, 2, 3, 4} given by u(l) = 4, u{2) = u(4) = 2, 
u(3) = 1. Hence Fi = {3}, F 2 = {2, 4} and F 3 = {1}. Thus, for any X € M 4 (K) there 
are nine ^-blocks (X kl )kj=i.2,3- For example 

( X12 Xu ) . 

Lemma 3.7. Let X £ GL n {K), u : {1, . . . , n) — ► {1, . . . , r} £>e a sef ma/? ant/ J 7 be the 
set of fibers of u. 

(1) The set 

H u = {Ye GL n (K) | Y kl = 0, for k ± 1} 
is a subgroup of GL n (K). 

(2) If X G GL n {K) and Y £ H u , then X and XY define, together with u, the same 
representation. Moreover, 

[XY) kl =X u Y u , Vk,l £ {l,...,s}. 

(3) Let X, Y G GL n {K). If X and Y define the same representation, then there is 
Z G H u such that Y = XZ. 

Proof. (1) Let us show that H u contains all matrices in GL n (K) that commute with 

(#u(i) • • • 
• • ■ u {n) 

Indeed, for Y G GL n (K), we have Y0 = 0Y if, and only if, 

Vij{0 u (i) ~ 0u{j)) = 0> Vi,j = 1, . . . , n. 
These equalities are equivalent to = for any pair such that i and j are not in 
the same fiber of u. In conclusion, Y commutes with 9 if, and only if, Y G H u . Since the 
set of commuting matrices with 6 is a subgroup of GL n (K), the first part of the lemma is 
proved. 

(2) Let Y G H u . Since FAF -1 = 6, then obviously IF and Y define the same 
representation. It remains to prove the formula that describes the ^"-blocks of XY. Let k, 
and I be arbitrary in {1, . . . , s}. We choose i G F& and j G F;. If is the element of XF 
in the spot (i, j), then 



x ip x pj — 



By definition of for I'^lwe have y p j = 0, as y p j is an element in Y l 1 . So 

z ij = XipUpj. 
p£F, 

Obviously the element in the (i,j)-spot of X kl Y u is 2~2 P eF t 

XipXpjj SO this part of the 

lemma is also proved. 

(3) If X and Y, together with u, define the same representation, then Z = X~ X Y 
commutes with 6. Then Z G H u and Y = XZ. □ 



THEOREM 3.8. We keep the notation from Lemma \3.7\ Then 

H u = GL ni (K) x ••• x GL ns (K), 

where rife = #F^ for k = 1, . . . , s. The right action of H u on GL n (K) given by right 
matrix multiplication is defined on J- -blocks by the formula 

(26) (XY) kl = X kl Y u , Vfc,Z = l,...,s. 

for any X G GL n (K) and Y G H u . 
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Proof. Let Y G H u . By Lemma [3T7T 1) the J^-blocks Y kl are trivial, for any k ^ I. Hence 

the map <& : H u — > GL ni (K) x • • • x GL, ls (K) given by 

$(Y) := {Y 11 , . . . ,Y SS ) 

is well-defined. Note that Y kk is invertible, for any k = 1, . . . , s. Indeed, up to a permuta- 
tion of the rows and columns of Y, we have 

/ Y n ■■■ 

Y= : ■.. : 

\ ••• Y S1 

By the formula in Lemma [53t2), it follows that $ is an isomorphism of groups. By the 
same formula, we can describe the action of H u on GL n (K) as in ( |26T ). □ 

Recall that our aim is to find a "normalized" matrix X G GL n (K) that defines, together 
with u, a given absolutely reducible representation W . We show that the action of H u 

on M n (K) can be splitted in s actions M n ^ nk {K) x GL nk (K) — > M n ^ nk (K), for k — 
1, . . . ,s. 

Let X — (sy)ij = i,..., n and let u : {1, . . . , n} — ► {1, . . . , r}. Recall that T denotes 
the partition \F\. .... F s } associated to u. For 1 < k < s, we define X k S M n:Tlk (K) to 
be the matrix whose elements are Xij, where i G {1 n} and j e ft. 

Each X fc is made of the ^-blocks X lk , X 2k , X sk . Hence we have 



(27) 



(IF) fc = X k Y 



kk 



for any Y G i? M . 

The group GL nk (K) acts on M n>nk (K) by right multiplication. Thus, the action of H u 
on GL n (K) can be recovered from these s actions by the relation d27] >. 

Definition 3.9. The symmetric group S n acts on M n>m (K) by row permutation, (a, X) h 
X CT , where 

/ ■ ■ ' a;<r(i)m \ 

2 ; cr(2)l ■ • • 2 ; CT(2)m 



X ff := 



V 



r(n)l 



r(n)m / 



THEOREM 3.10. Let X e GL n (K) and let u : {1, . . . , n} — ► {1, . . . , r} foe an arbitrary 
set map. The orbit of X with respect to the action of H u on GL n (K) contains a matrix X 
such that 



x k = 



n k 
Zk 



where Zk is a certain matrix in M„„„ fc .„ fc (K) and o~k G S n for any k G {1, . . . , s}. 

Proof. Since X G GL n (K), the blocks X 1 , X s are matrices of rank n\, n s 
respectively (the columns of X are linearly independent, so the columns of each X k are 
so). Thus there are rows of X k that are linearly independent. There is t% G S n such 
that X k k has the first rows linearly independent. It follows that 



K 



Y k 
XL 



mthYk G GL nk {K) wd X' k g M n _ nktTl)t (K). Hence 



X k 



X 'k Y k 



Y k , 



so we may take Zk = X' k Y k 1 and au = r k 1 



□ 
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Remark 3.11. The matrices Z\, . . . , Z a and the permutations <ji, . . . , a s are not uniquely 
determined. 



DEFINITION 3.12. The matrix X as in Theorem l3 . 1 Ol will be called a normalized invertible 
matrix. 

COROLLARY 3.13. Let W be an absolutely reducible representation of A of dimension 
n. Then there are a normalized invertible matrix X £ GL n (K) and a set map u : 
{1, . . . , n} > {1, . . . , r} that define the action of A on W. 

Proof. Any absolutely reducible representation is defined by a matrix Xq and a map u : 
{1, . . . , n} — ► {1, . . . , r}. By the Theorem 13. 101 there is a normalized invertible matrix 
X in the orbit of Xq, with respect to the action of H u on GL n (K). We have already noticed 
that two matrices in the same orbit define the same representation. So W is defined by X 
and u. □ 



EXAMPLE 3.14. We keep the notation from Example l3.6l An arbitrary element in H u has 
the following form 





Y = 



( 




V o 



2/22 



2/42 






2/33 





\ 





2/24 



2/44 / 



where yu and j/33 are non-zero and 7/22 2/44 7^ 2/24 2/42- F° r an normalized invertible matrix 
X S GL 4 (K) we have 





( 1 








( 1 











( 1 ^ 


X 1 = 


X21 






x 2 = 





1 








^23 




X31 








Z32 


£34 








2^33 




V £41 


J 






V £42 


£44 


1 


CT2 




\ a;43 / 



The permutations cr±, a%, 1T3 e S4 have to be chosen such that det(X) 7^ 0. For example 

I X 2 1 X 43 1 ^ 

X41 X42 1 X44 

1 x 32 a; 23 X34 
V »2i 1 ^33 J 
is a normalized invertible matrix if, and only if, det(X) 7^ 



X 



We end this section by analyzing in detail the case of two-dimensional absolutely re- 
ducible representations. 

Proposition 3.15. Let X e GL 2 (K) and let u : {1, 2} — ► {1, . . . ,r} be a set map. 
Then there are x, y € K, with xy 7^ 1 such that the orbit of X with respect to the action 
of H u on GL2{K) contains one of the matrices 

1 x 
V 1 



Xo 



Proof. We start by considering the case it(l) = it(2) = i\ S {1, . . . , r}. Hence the 
partition associated to u has one set F-y = {1,2} and H u — GL2(K). In conclusion, X 
and ^2 = ^X^ 1 are in the same orbit, so in this case we can take x = y = in X\. 

Let now take u : {1, 2} — > {1, . . . , r} such that u(l) 7^ u(2). If Im (u) = {ii, ^2}, 
with 1 < i\ < 12 < r, then the partition T is given either by F\ — {1} and F2 = {2} or 
F\ = {2} and F% — {1}. In both cases we get that a normalized invertible matrix is of the 
following type: 



1 



1 

2/1 



Z-y 



Xo 
1 



272 
1 



Z, 



1 

273 



■J'3 

1 



1 



1 

2/4 
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Since Z\ is invertible we have xi ^ yi for i E {1, 2}, and atjj/j ^ 1 for i E {3, 4}. We 
know that in the orbit of X there is a matrix Zi, for a certain i E {1,2,3,4}. If either i = 3 
or i = 4, one can take Xi = Z3 or X2 = Z4. 
Let us assume that i = 1. Note that 

*.-{(» :)i,.^o 

and either x\ ^ or yi ^ 0. If £1 7^ we have 

X1 1 \ _ / Xj" 1 1 



fx 1 \ 

so in the orbit of Z\ (and hence of X) there is a matrix of type I j I . In the case 

when yi ^ one can show that the orbit of X contains a matrix of the same type. In the 
case i = 2 we can proceed similarly to show that the orbit of X contains a matrix X2 as in 
the statement of the theorem. □ 



Let W be a vector space of dimension 2. We fix a basis {w\, W2} on W. We want to 
classify all v4-module structures on W which are absolutely reducible. 

THEOREM 3.16. Let A be a K-algebra and let W be a two-dimensional absolutely re- 
ducible A-module. Then there are x, y S K and a\, ct2 E Alg K (A, K) such that xy ^ 1 
and for any a G A 

1 y 

(28) awx = ai(a) - xya 2 {a)] w\ + [011(a) - a 2 {a)} w 2 , 

1 — xy 1 — xy 

-x 1 

(29) aw 2 = [ai(a) - a 2 (a)} wi + [-xyai(a) + a 2 (a)] w 2 , 

1 — xy 1 — xy 

Proof. The representation W is defined by a function u : {1,2} — > {1, . . . , r} and 
a normalized invertible matrix X. Since two matrices in the same orbit with respect to 
the action of H u define the same representation we may assume, in view of the previous 
proposition, that 

*-(; 1) - *-(;;' 

Let ui := (u>ij)ij=i 2 be the matrix associated to the A-module W as in ( 1201 . There are 

9 u (i) and 9 U (2) in Alg^- (A, K) such that 

x ( 9u P „ )x- 







7„(2) 



/ 1 a; \ 

We first consider the case X = I ^ ) . If ai := 6 u {i) an ^ a 2 : = 0u(2)> then a 
straightforward computation shows us that 

(30) u= ( (1 ~ xy)- 1 [at - xya 2 ] -x(l - xy)- 1 [ai - a 2 ] 

\ y(l - xy) -1 [ai - a 2 ] (1 - xy)- 1 [-xyct\ + a 2 ] 

It is easy to see that the module structure defined by u> in this case is as in (F28l and 

fx 1 \ 

If X = I ^ J, then, for ai = 6 U ^ 2 ) an d «2 = one can show that the 

corresponding action also satisfies relations d28l and (|29l . □ 
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4. Splitted, unital and factorizable representations of cycles of 

LENGTH 2 

In this section, for A = K m , we shall classify all splitted, unital and factorizable repre- 
sentations of a cycle V of length 2. We use the standard quiver-notation T° = {1, 2} and 
r 1 = {ai, 0:2} in order to represent the quiver below. 




A representation of T is defined by a set {(p±, tp>2, fax , Pa 2 } °f ^-linear maps. For i — 
1, 2, there are (pj, ipf 1 , (p^., ... , ip™. G Rom K (A, K) such that 

m 

(31) Vi(a)=£^(o)/p, VoeA, 

P =i 

m 

(32) Va,(o) = J] <(o)/ P) VaeA 

Here {/1, . . . , / m } denotes the canonical basis on K m . If {/]", . . . , /^} is the dual basis 
of {/1, ■ ■ ■ ,/m}, then 

Ai gir (^™K) = {/r,... ,/*}. 

Let us assume that {(pi, ip2, f ai , fa-i } defines a splitted, unital and factorizable represen- 
tation of r. Since it is unital and factorizable, it is not difficult to see that the matrix 
uj p = (w?-)w=i,2 given by 

(33) $ 5 1 ) VpG{l,...,m} 

defines an A-module structure on a vector space W of dimension 2. If we fix a basis 
{w\ , W2} on W, the corresponding module structure is defined by 

71 

awi = '^^u}j i (a)vjj, Va G A, Vi G {1, 2}. 

To emphasize the fact that this module structure depends on p G {1, . . . , m}, we shall 
denote it by W p . 

THEOREM 4.1. Lef ^4 = if m and let T be a cycle of length 2. If u) p is defined as in ( 1331 ), 
then there are a±, . . . , a m G K and u : {1, . . . , m} — > {1, . . . , m} smc/i f/iaf 

nzn t,P-( a pfp + ~ "-P^kp) a p(/p~/u( P )) I 

Proof. Since A = K m is a semisimple algebra and every simple A-module is one dimen- 
sional, it follows that every representation of A is absolutely reducible. In particular, W p 
is so, for any p G {1, . . . , to}. By the proof of Theorem l3.161 there are x p , y p G K with 

xPyP ^ 1, and of, a\ G Alg K (K m , K) such that 

p _ ( (1 - xPyP)- 1 [a[ - xPyPa p 2 ] -x p (l - xPyP)- 1 [a[ - a p 2 ] 
U ~ \ yP(l- xPyP)- 1 K - a$] (1 — x p y p ) _1 [~x p y p a p + a^] 

On the other hand, since {ipi, ip2, ip ai , (p a - 2 } defines a splitted representation of V, we have 
<fii + <Pa 2 = and if2 + ip ai = Ua- These relations are equivalent to 

(35) # + and ^ + < = / p * for any p G {1, . . . , n}, 

therefore the sum of the elements of each column of uj p is equal to /*. 
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If a\ — of, then the above condition imposed on the elements of the column in uj p 
means that a\ = oP 2 — f* . In this case we take a p = 1 and we define u(p) = p. 

Now let us assume that a\ ^ of. Then these algebra morphisms are linearly indepen- 
dent. By imposing that uj p satisfies ( 1351 ). we get 

yP + 1 _ p yP(xP + 1) -xP(yP + 1) a* + 1 p 



/d = — ; 7T-^ a l 



1-xPyP 1 1-xPyP z p 1-xPyP 1 1 - xPyP z 

These equalities are possible only in the following two cases: 

First case: y p = —1 and a?, — /*. As x p y p ^ 1, we have x p ^ — 1, Since a\ 
is an algebra map, there is u(p) G {1, . . . , m} such that a\ — f*^ p y We now define 
a p := x p (l + x v )~ l . It is not difficult to see that uj p satisfies ( f34b . 

Second case: x p = — 1 and of = /*. As above, y p ^ — 1 and there is 1 < u(p) < to 
such that of = /*( p )- We conclude by defining a p := (1 + y p )~ l . □ 

Now we can classify all splitted, unital and factorizable representations of a cycle of 
length 2. 

THEOREM 4.2. Let A = K m and let T be a cycle of length 2. The set of K-linear 
endomorphisms ip := {(fx, if2, Pat , ^>a 2 } defines a splitted, unital and factorizable repre- 
sentation ofT if and only if there are ai, ... , a m G K and a set map u : {1, . . . , to} — ► 
{1, . . . , to} such that 

m m 

(36) (fi [a P f* + (1 - a p )f* {p) f p , p. ai = ^ [a p (/; - f* {p) ) f p , 

p—1 p—1 

m m 

(37) tp 2 = [(! - a p)fp + a P fl{p) fp, l Po l2 ^J2[{l-a p ){f*-f* {p) ) f p , 

p—i p—i 

and, in addition, they satisfy the following conditions: 

(1) Ifu(p) = p, then a p = 0. 

(2) Ifu(p) p, then a p + a u ( p ) = 1. In addition, if u 2 {p) ^ p, then a p G {0, 1}. 



Proof. In view of Theorem l4.ll there are ai, . . . , a m G K and u such that the maps in tp 
satisfy the four equalities in the statement. Note that if u(p) = p, then the p-th term of 
each sum does not depend on a p . Therefore, in this case, we may normalize a p by setting 
a p = 0. Thus we may choose a%, a m such that the first condition is verified. 

Note that the above description of the maps ipi, ip2, (p ai and (f a2 was obtained as a 
consequence of the fact that ip defines a unital and factorizable representation of T such 
that <pi + ip a2 —^2 + ^0! = Idyi- In conclusion, the representation associated to ip is 
also splitted if, and only if, tp ai and tp a3 are idempotents. Remark that {tpi,tp a2 } and 
{y>2, fax } then are complete sets of orthogonal idempotents, as it is required. 

Trivially, ip ai is an idempotent A'-linear map if, and only if, tp^ (f q ) = <p ai (f q ), for 
any q G {1, . . . , m}. By definition of ip ai , we get that these equalities hold if, and only if, 
for arbitrary p, q G {1, . . . , m}, 

(38) a p [(Sp.q — (5 u ( p ).g)a p - (5 u (p), g - S u 2 (p),q) a u(p)] = a p($p,q - $u(p),q)- 

Let us assume that a p ^ 0. By the normalization condition, then u(p) ^ p. 
First case: u 2 (p) — p. Since a p ^ 0, relation ( 1381 is equivalent in this case to 

(dp + a u{p) - l)(S Ptq - S u(phq ) = 0, Vg G {1, . . . , to}. 

Since u(p) ^ p, we deduce that a p + a u r p ) = 1. 

Second case: u 2 (p) ^ p. Hence, for q — p, relation d38l becomes a p = 1. We want 
to prove that a u ( p ) = 0. Note that if u 2 (p) = u(p), then this equality follows from the 
fact that we have normalized the elements oi, . . . , a m . So we may assume that u 2 (p) and 



ON THE CLASSIFICATION OF TWISTING MAPS BETWEEN K n AND K 



19 



u(p) are not equal. By taking q = u(p) in (l38l >. it follows that a u ( p ) = 0. Obviously, 
a p + a u r p ) = 1 in this case too. 

Summarizing, since cp ai is an idempotent if-linear map then, for any p such that a p ^ 
0, one of the following conditions holds: 



(39) 
(40) 



u 2 (p) — p, and then a p 



1; 



2 (p) Vi an< i then a p — 1 an d a u(p) = 0- 



Since <p a2 = J27=i i 1 ~ a r)(fr ~ fu(r)) fp is an idempotent too, working with 1 



■j.(r) 

instead of a p , we can show that, for any p £ {1, . 
following two conditions holds: 



, , to} such that a. p ^ 1, one of the 



(41) 
(42) 



''(p) = p, and then a p + a u ^ = 1; 

2 (p) ^ p, and then a p = and a u M = 1. 



Since either a p / or a p ^ 1, the conditions d39]l-(l42]) together imply that ax,.-., a m 
and u verify the second property in the statement of the theorem. 

Now let us prove that, for any ax,..., a m and u satisfying (1) and (2), the set ip := 
{(fx, <fi2, fa! , ¥02} defines a splitted, unital and factorizable representation of T. By the 
proof of Theorem 14.11 ip defines a representation of T which is unital and factorizable. 
Of course, by construction, <px + <£a 2 = and ip 2 + <p ai = Ma- By the proof of the 
other implication, it results that conditions (1) and (2) imply that cpx an d ¥2 are idempotent 
maps. In conclusion, the representation defined by (p is splitted too. □ 



COROLLARY 4.3. Let r : K n ® K' m — > K m (g K n be a twisting map such that the 
connected components ofT, the corresponding quiver, are all trivial excepting one which 
is a cycle of length 2. We label the vertices ofT as in the picture below. 



Qi qj C ^ ... c : 



There are ax, ■■■ , a m £ K and u : {1, . . . , m} — ► {1, . . . , to} that satisfy conditions (1) 
and (2) in Theorem \4.2\ such that 




r(ei ®i) = ifi(x) ® ex + <p aj (x) <g> e 2 , 
r(e 2 ®i) = (^ Q2 (a:) ® ei + (f2(x) (8) e 2 , 
r(e, ® x) = x ® ei, Vi > 3. 



where (pi, tp2, 'Pui, Pa 2 are given by the formulae (1361 > ant/ ( 137b . 

Remark 4.4. If n = 2, the corollary above gives the classification of noncommutative 
duplicates of K m (cf. CUED). 

We are going to classify all splitted, unital, and factorizable representations of a con- 
nected quiver of rank 1 that contains a cycle of length 2. We know that, removing the 
arrows of the cycle from such a quiver, we get two rooted trees. These trees have their 
roots in the vertices of the cycle and they are oriented. Note that they might be trivial, that 
is they could have a unique vertex, namely their root. 
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Let us denote the vertices of this cycle by 1 and 2, being 3, 4, . . . , n the other vertices 
of F, and denote by a\ and «2 the arrows of the cycle, as in the picture below. 

6o 07 




30 o 4 05 




1 o o 2 



a 2 

We take a splitted, unital and factorizable representation of T, which is defined by the K- 
linear maps <pi,...,ip n an d Wa}, where a runs over the set of arrows which are not a 
loop. Note that for i > 3, cfi is an idempotent algebra map, and thus, there are idempotent 
maps m : {1, ... , to} — ► {1, . . . , m} such that 

in 

<Pi(fp) = ^2 <W ( (g)/<Z ! Vp = 1, . . . , TO. 
9=1 

Obviously, (f = {ipi, ip2, 'Pan fa 2 } defines a splitted, unital and factorizable representa- 
tion of the unique cycle in V. Hence, there are a map u : {1, . . . , to} — > {1, . . . , to} and 
scalars a\, . . . , a m € K that satisfy conditions (1) and (2) in Theorem l4.2l Moreover, the 
maps in tp are given by the formulae (f36t and (l37T i. 

Note that, for an arrow a that is not a loop, we have ip a = Id^- m — (fit(a)> as rrank(r) = 
1. Hence, the data that we need to define a representation of V is the following: 

Definition 4.5. The data V(u, a) is defined by 

(1) The maps u\, 112, 113, . . . , u n : {1, . . . , to} — > {1, . . . , to}, where u\ = = u and 
for each i > 3 the maps Ui are idempotents. 

(2) The elements a\, . . . , a m G obeying conditions (1) and (2) in Theorem l4.2l 

THEOREM 4.6. The data T>(u, a) defines a splitted, unital and factorizable representation 
of V if and only if for every a 6 T 1 \ {a%, 0:2} and every p 6 {1, . . . , to} such that 
u s(a) (p) 7^ P an d u t ( Q ) (p) ^ p, one of the following conditions holds: 

(1) s(a) — 1 and a p = 1. 

(2) s(a) — 2 and a p = 0. 

Proof. Let a e T 1 \ {ai, 02}, and let p € {1, . . . , to}. We assume that u s ( Q )(p) ^ p and 
that Ut( Q ) (p) 7^ p and we want to show that either (1) or (2) hold. 

There is an arrow (3 such that t((3) = s(a), as in the following figure 

i j a k 

O 5- O S- O 

By Lemma l2~6T 2). we get 

(43) Ker (tp s{a) )Ker (tp t{a) ) = 0. 

First let us prove that s(a) 6 {1,2}. If s(a) is not a vertex of the cycle, we may apply 
Lemma l2.12l to show that Ker<y9 s ( Q ) is generated by all f r with u s ( Q )(r) / r. Similarly, 
Ker <ft{a) is generated by all f r with u t ^ (r) ^ r. In particular, by our assumptions, we 
deduce that f p is an element in Ker (fg^Ker (pt( a ), which is not possible, in view of d43l ). 

Let us now take an arrow such that s(a) = 1. We have to prove that a p — 1. Note that 
d43l can be written as follows: 

Im ip a2 Kei ifk = 0. 

Indeed, as rank(j) = 1, we have j3 — a^- Thus cpj — Ma — fa 2 ^ an d m e required relation 
follows from the fact that ip a2 is an idempotent i^-linear map. We know that Ker (ifk) is 
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spanned by all f q with Uk(f q ) 7^ f q . On the other hand, 



fa 



m 



Thus, (l43l i holds if, and only if, (p a2 (x)f q = 0, for any q such that Uk(f q ) ^ f q - At its 
turn, this property is equivalent to 

(a q -l)(f*-f: {q) ) = 

for any q such that Uk(q) ^ q. As u(p) ^ p and itfe(p) ^ p, we deduce, in particular, that 
a p = 1. The case s(a) = 2 is handled in a similar way. 

Conversely, let V(u, a) be some data as in Definition 14.51 We assume that V(u, a) 
satisfy conditions (1) and (2) of the statement. We define (f = {(pi, if2, f ai , <fa 2 } by (l36l > 
and Q7T l. By Theorem l4.2l ip defines a a splitted unital and factorizable representation of 
the cycle in T. Furthermore, for i > 3 we take (fi to be the algebra endomorphism of K m 
that corresponds to Ui. Finally, for an arrow a £ T 1 \ {ai, 0:2} that is not a loop, we set 
ip a := Idyi — <£t(a)- Obviously, the maps constructed above define a unital and splitted 
representation of T. We still have to check that this is factorizable. Since rrank(r) = 1, in 
view of Lemma l2~6l we have to prove that 

Ker(^ a ( a ))Ker(<p t(a )) = 

for every arrow a 6 r 1 \{a\, c^j-If s(a) £ {1, 2}, then this equality follows by conditions 

(I) and (2) in the statement of the theorem (see the proof of the other implication). If 
s(a) {«i,a2}, then the required relation follows from Lemma 12.121 and the proof of 
Theorem l2.13l taking into account that either it s ( Q ) (p) = p or Uti a \ (p) = p. □ 
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